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EXECUTIVE  SUMMARY 

simplo  equatioM  and  procaduras  w«r«  developed  that  pernitt  rapid  hand- 
calculation  and  plotting  of  approximations  of  strong  upper  bounds  on  the 
spectra  of  linear  frequency-modulated  RE  pulses  that  have  a  trapezoidal 
envelope.*  The  plots  of  the  approximate  bounds  consist  of  segments  of 
straight  lines  on  semi logarithmic  graph  paper,  and  are  very  easy  to  draw. 

The  approach  used  in  deriving  the  model  involved  the  use  of  an  asymptotic 
expansion  instead  of  the  usual  Fresnel  integrals  to  describe  the  s)tirts  of  the 
voltage-density  spectrum. 

The  approximate  bounds  are  within  about  1  dB  of  the  spectrum  determined 
using  the  Fresnel  integrals  at  the  center  of  the  central  lobe  and  within  a 
fraction  of  a  dB  at  the  centers  of  the  minor  lobes  that  occur  at  frequencies 
well  above  and  below  the  central  lobe.  The  approximation  is  the  least 
accurate  in  a  relatively  narrow  frequency  interval  at  the  edges  of  the  central 
lobe,  where  it  may  underestimate  the  spectrum  by  about  5-10  dB. 


Accession  For 

1  NTIS 

GRA&l 

DTIC  TAB 

Unannounced 

□ 

< 

Justification _ 

Ay 

1 

;  1 

Distribution/ 

j 

Availability  Oodes 

i 

Avail  and/or 

Dist 

Special 

fry  / 

( 

1 

*An  upper  bound,  in  this  application,  is  defined  as  a  function  that  is  never 
less  than  the  actual  spectrum.  A  strong  bound  la  close  to  the  spectrum  at 
various  points.  See  Figure  6  on  page  12. 
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PREFACE 

The  Electromagnetic  Compatibility  Analysia  Center  (ECAC)  is  a  Department 
of  Defense  facility,  established  to  provide  advice  and  assistance  on 
electromagnetic  compatiblity  matters  to  the  Secretary  of  Defense,  the  Joint 
Chiefs  of  Staff,  the  military  departments  and  other  DoD  components.  The 
center,  located  at  North  Severn,  Annapolis,  Maryland  21402,  is  under  the 
policy  control  of  the  Assistant  Secretary  of  Defense  for  Communications, 
Command,  Control,  and  Intelligence  and  the  Chairman,  joint  hiefs  of  Staff,  or 
their  designees,  who  jointly  provide  policy  guidance,  assign  projects,  and 
establish  priorities.  ECAC  functions  under  the  executive  direction  of  the 
Secretary  of  the  Air  Force  and  the  management  and  technical  direction  of  the 
Center  are  provided  by  military  and  civil  service  personnel.  The  technical 
support  function  is  provided  through  an  Air  Force-sponsored  contract  with  the 
IIT  Research  Institute  (IITRI). 

To  the  extent  possible,  all  abbreviations  and  symbols  used  in  this  report 
are  taken  from  American  National  Standard  ANSI  yi0.19  (1969)  "Letter  Symbols 
for  Units  Used  in  Science  and  Technology"  issued  by  the  American  National 
Standards  Institute,  Inc. 

Users  of  this  report  are  invited  to  submit  comments  that  would  be  useful 
in  revising  or  adding  to  this  material  to  the  Director,  ECAC,  North  Severn, 
Annapolis,  Maryland  21402,  Attention:  XM, 
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SECTION  1 
INTRODUCTION 


BACKGROUND 


Calculation  of  emission  spectra  is  one  of  the  steps  in  making 
electromagnetic  compatibility  (EMC)  analyses  of  radar  systems.  For  ordinary 
radars,  the  calculation  is  easy  to  accomplish,  but  in  the  case  of  chirp 
radars,  it  is  difficult  rt  the  conventional  equation  for  describing  the 
spectra  of  linear  frequency-modulated  (LFM)  pulses  is  used.  The  conventional 
equation  involves  Fresnel  integrals  and  requires  that  a  large  number  of  high- 
precision  computations  be  performed. 

In  making  an  EMC  analysis,  an  upper  bound  on  the  spectrum  rather  than  the 
spectrum  itself  is  used.  It  is  the  purpose  of  this  technical  report  to 
provide  EMC  analysts  with  simple  equations  and  procedures  for  calculating  the 
approximate  bounds  on  the  spectra  of  LPM  pulses.  The  first  edition  was  issued 
in  February  1971.'  This  revised  edition  presents  in  greater  detail  the 
derivations  of  the  equations  and  includes  an  additional  section  consisting  of 
numerical  examples  that  illustrate  the  application  of  the  procedures. 


OBJECTIVE 


The  objective  of  this  project  was  to  provide  a  simple  nethod  for 
calculating  and  plotting  strong  bounds,  or  a  good  approximation  thereof,  on 
the  spectra  of  LFM  radio  frequency  (RF)  pulses  that  have  trapezoidal 
envelopes . 


^Newhouse,  P.D. ,  A  Simplified  ttethod  for  Calculating  the  Bounds  on  the 
Emission  Spectra  of  Chirp  Radars,  ESD-TR-70-273,  Electromagnetic 
Compatibility  Analysis  Center,  Annapolis,  MD,  February  1971. 
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APPROACH 

The  conventional  equation  for  the  spectrum  of  a  chirp  pulse  was  replaced 
by  two  equations,  one  of  which  is  convenient  for  describing  the  center  region 
of  the  spectrum  and  the  other  for  describing  the  skirts  of  the  spectrum. 

Using  these  equations,  simple  expressions  were  derived  that  yield  approximate 
bounds  on  the  spectrum. 
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SECTION  2 

DEVELOPMENT  OF  EQUATIONS  AND  PROCEDURES 

The  simple  equations  and  procedures  developed  permit  rapid  hand- 
calculation  and  plotting  of  an  approximation  of  strong  bounds  on  the  spectra 
of  LFM  RF  tulses  that  have  a  trapezoidal  envelope.  The  plots  of  the 
approximate  bounds  consist  of  segments  of  straight  lines  on  semi logarithmic 
graph  paper;  thus,  they  are  very  easy  to  draw. 

By  definition,  a  bounding  function  is  never  less  than  the  bounded 
function.  The  functions  derived  here,  however,  may  underestimate  by  several 
db  the  actual  spectrum  in  a  few  places,  such  as  at  the  edges  of  Che  central 
lobe  of  the  spectrum.  Therefore,  the  functions  are  referred  to  here  as 
approximate  bounds  on  the  spectrum. 

The  approximate  bounds  are  within  about  1  dB  of  the  spectrum  at  the 
center  of  the  central  lobe  and  within  a  fraction  of  a  dB  at  the  centers  of  the 
minor  lobes  that  occur  at  frequencies  well  above  and  below  the  central  lobe. 
The  approximation  is  the  least  accurate  at  the  edges  of  the  central  lobe, 
where  it  may  underestimate  the  spectrum  by  about  5-10  db  in  a  relatively 
narrow  frequency  interval,  as  illustrated  in  the  numerical  examples  included 
in  Sections  3  and  5  of  this  report. 


S 

4 

% 

t 

4 


3/4 


I 


_ _  M  tavaita 


ESD-TR-81 -100 


Section  3 


SECTION  3 

DESCRIPTION  OF  PARAMETERS  AND  APPLICATION  OF  MODEL 


The  approximate  bounds  on  the  spectrum  of  chirp  pulses  can  be  calculated 
and  plotted  within  a  few  minutes  using  the  model  described  in  this  section.  A 
derivation  of  the  model  is  presented  in  Section  4. 


PULSE  PARAMETERS  USED  IN  THE  MODEL 


The  following  terms  and  their  definitions  specify  the  pulse  parameters 
used  in  calculating  critical  frequencies  for  the  model.  Figure  1  shows  the 
pulse  parameters,  graphically. 


P 

5.: 

4 


nominal  carrier  frequency,  in  Hz 
pe^Uc  power,  in  watts 
pulse  width  at  base,  in  seconds 
rise  time,  in  seconds*^  defined  as  the  time 
fall  time,  in  seconds. ^  100%  of  the  voltage 

in  Figure  1. 


interval  from  0  to 
amplitude,  as  shown 


In  addition 


to  those  terms,  one  of  the  following  is  needed: 


6  *  frequency  deviation,  in  Hz 

D  »  compression  ratio 

»  compressed  pulse  width,  in  seconds. 


When  6  is  not  given,  it  can  be  calculated  using  the  relationship: 


0 


(1  ) 


When  the  pulse  is  not  symmetrical  (6^  f  6^ ) ,  it  is  also  necessary  to  know 
whether  the  deviation  is  positive  or  negative. 


5 
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EFFECT  OF  PARAMETERS  ON  SHAPE  OF  SPECTRUM 


A  brief  discussion  of  the  effect  of  the  pulse  parameters  cn  the  behavior 
of  the  spectrum  will  be  helpful  in  understanding  the  model.  The  carrier 
frequency  of  the  RF  pulse,  is  assumed  to  be  very  large  in  comparison  to 

the  total  frequency  deviation,  6.  For  that  condition,  the  shape  of  the 
spectrum  may  be  considered  to  be  solely  dependent  on  the  shape  of  the  envelope 
of  the  pulse  and  on  the  magnitude  and  polarity  of  the  frequency  deviation. 

Pulse  Without  Frequency  Modulation  (FM) 

When  there  is  no  FM,  the  spectrum  of  a  pulse  is  symmetrical,  as  shown  in 
Figure  2,  regardless  of  whether  t)ie  pulse  shape  is  symmetrical. 
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Pulse  with  FM 


FM  reduces  the  peak  of  the  spectrum;  however,  the  bounds  on  the  skirts  of 
the  spectrum  are  essentially  unaffected  by  the  FM,  as  shown  in  Figure  3.  If 
the  pulse  shape  were  symmetrical,  the  spectrum  would  be  symmetrical  about  f^. 


Figure  3.  Bounds  on  spectrum  of  chirp  pulse  when  6^  ■  6f. 

If  the  pulse  shape  were  asymmetrical,  i.e.,  6^  *  6^,  the  central  portion 
of  the  spectrum  would  be  asymmetrical  as  indicated  in  Figure  4.  The  shape  of 
the  spectrum  will  depend  upon  whether  the  deviation  is  negative  or  positive, 
as  indicated  in  the  figure.  The  skirts  of  the  spectrum,  however,  are 
symmetrical  about  a  frequency,  f^,  which  is  displaced  from  f^.,  the  nominal 
carrier  frequency.  The  relationship  between  f^  and  f^  is  explained  later  in 
this  section. 
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Figure  4.  Bounds  on  spectrum  of  chirp  pulse  when  6^  <  6^  and 

frequency  deviation  is  positive.  If  the  deviation  were 
negative,  the  bounds  would  be  the  mirror  image  with  respect 
to  f^. 

prcx;edure  for  plotting  the  bounds  of  the  spectrum 


The  chirp  pulse  considered  in  this  report  is  LFM.  When  the  frequency 
deviation  is  relatively  small  so  that  3t  <  2/it,  the  bounds  on  the  spectrum  are 
not  influenced  by  the  frequency  modulation.  For  that  condition  the  spectral 
bounds  can  be  obtained  using  the  same  procedures  that  are  available  for  an 
ordinary  radar  pulse,  i.e.,  one  that  is  not  frequency  modulated.  It  is  very 
unlikely  that  a  chirp  radar  would  be  designed  to  have  such  a  small  amount  of 
frequency  deviation;  however,  procedures  are  given  here  for  plotting  the 
spectral  bounds  when  6t  <  2/ir,  as  well  as  when  Bx  >  2/Tt. 


9 


ESD-TR-81-100 


Section  3 


Calculation  of  Bounds  on  Ordinary  Radar  Emiseion  Spectrum  (Nonchirp  or  Chirp 
when  6t  £  2/it) 

An  ideal  ordinary  radar  pulse  has  a  rectangular  waveform  and  a 

2 

(sin  x/x)  spectrum  as  shovm  in  Figure  S.  As  a  practical  matter,  however,  a 
rectangular  pulse  is  not  attainable  because  the  leading  and  trailing  edges 
will  have  a  finite  slope  due  to  practical  circuit  limitations.  Therefore, 
radar  pulses  are  assumed  to  be  trapezoidal  with  the  dimensions  shown  in  Figure 
6a.  The  spectrum  talces  the  form  shown  by  the  solid  curve  xn  Figure  6b. 
Assuming  a  more  intricate  pulse  shape  (such  as  a  trapezoid  with  rounded 
corners)  in  order  to  model  an  even  more  realistic  radar  pulse  generally  does 
not  yield  much  practical  benefit.  Rounding  the  corners  of  a  trapezoidal 
pulse,  for  example,  has  little  or  no  significant  effect  on  the  bounds  of  the 
spectrum  except  for  frequencies  far  from  the  center  of  the  spectrum;  at  those 
frequencies,  the  spurious  emissions  of  a  radar  transmitter  usually  determine 

e 

the  level  of  the  spectrum. 

In  EMC  analyses  it  is  appropriate,  as  well  as  convenient,  to  represent 
the  spectrum  by  a  bound,  such  as  the  dotted  curve  in  Figure  6b.  It  is  common 
practice  to  normalize  the  graph  of  the  spectral  density  by  dividing  by  the 
pea)(  value,  Pt^,  and  expressing  the  ratio  in  decibels  (dB).  The  normalized 
graph,  which  is  referred  to  as  the  relative  spectral  density,  is  applicable  to 
the  energy -density  and  the  power-density  spectra  as  well  as  the  envelope  of 
the  power  spectrum,  which  is  a  line  spectrum. 

When  a  logarithmic  scale  is  used  for  the  abscissa  (frequency)  and  a 

decibel  (dfi)  scale  is  used  for  the  ordinate,  the  curves  that  constitute  the 

2 

bounds  in  Figure  7a  can  be  drawn  as  straight  lines,  as  shown  in  Figure  7b. 

The  frequency  is  referenced  to  the  carrier  frequency,  f^,  i.e.,  Af  ■  f  -  f^,. 

To  plot  the  spectrum  bounds,  the  following  stops  are  required. 


^ason,  S.J. ,  and  Zimmermann,  H.J. ,  Electronic  Circuits,  Signals,  and  Systems, 
John  Wiley  &  Sons,  Inc.,  1960,  p.  237. 
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a.  Linear  frequency  scale. 

Spectrum  bounds  for  ordinary  radar  pulse  (trapezoidal). 
(Page  1  of  2), 


1  3 


Figure  7. 
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LOGARITHMIC  SCALE 


b.  Logarithmic  frequency  scale. 
Figure  7.  (Page  2  of  2). 
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Step  1  -  Calculate  the  critical  frequencies,  Af  2  3= 


where 


■  — 


i_ 

itt 


_ 1_ 

it/tS 


(2) 


(3) 


i'T 

r  f 


T  «  pulse  duration  between  half  amplitude  points,  in  seconds 


rise  time,  in  seconds 
fall  time,  in  seconds 


defined  as  the  time  interval  from 
0  to  100%  of  the  voltage  amplitude. 


Note  -  A  pulse  that  is  not  frequency  modulated  has  a  spectrum  that  is 
symmetrical  about  the  carrier  frequency,  f^,  whether  or  not  the  pulse  is 
symmetrical. 


Step  2  -  On  semi logarithmic  paper,  draw  line  1  horizontally  through  0  da. 

Step  3  -  starting  on  line  1  at  Af 2.  draw  line  2  with  a  slope  of 
-20  dB/decade. 


Step  4  -  starting  on  line  1  at  Af 3,  draw  line  3  with  a  slope  of 
-40  dB/decade.  The  spectrum  is  bounded  by  lines  1,  2,  and  3  of  Figure  7b. 

The  peak  energy  density  level,  P^,  corresponding  to  the  0-dB  level  in 
Figure  7b,  is  obtained  by: 

*  Pt^  joules/Hz  (4) 


where 


P  «  peak  pulse  power  level,  in  watts 
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Calculation  ot  Bounds  on  Chirp  (LFM)  Spectrum  (When  0t  >  2/ii ) 

When  linear  frequency  modulation  is  applied  to  the  pulsed  carrier 
frequency,  the  peak  of  the  spectrum  is  reduced  in  amplitude  from  Pt  to  Pt/0 
and  the  central  lobe  of  the  spectrum  is  broadened,  as  shown  in  Figure  3,  but 
the  spectrum  bounds  further  removed  from  the  carrier  frequency  remain 
essentially  unaffected  by  the  frequency  modulation.  The  energy -density 
spectrum  of  the  chirp  pulse  is  normalized  by  dividing  by  Pt/0. 


If  the  pulse  is  a  symmetrical  trapeziod,  the  spectrum  will  be  symmetrical 
about  tlie  nominal  carrier  frequency,  f^.,  as  shown  in  Figure  3.  If  the  pulse 
shape  is  asymmetrical,  the  spectrum  will  be  asymmetrical,  as  shown  in  Figure 
4.  The  direction  in  which  the  spectrum  is  shifted  will  depend  on  whether  the 
deviation  is  negative  or  positive,  with  respect  to  time.  The  spectrum 
boundaries  further  removed  from  the  carrier  frequency  will  be  symmetrical 
about  a  frequency,  f^,  which  is  displaced  from  f^,  as  shown  below: 


f 

o 


0(5p  -  <5g) 

^c  *  ^  7(6  rTTT 

r  f 


(5) 


where  is  defined  in  TABLE  1. 


TABLE  1 

VALUES  ASSIGNED  TO  M,  N,  AND 


Constants 

Positive  Frequency 

Shift 

Negative  Frequency 
Shift 

M 

«f 

N 

«r 

«f 

+1 

-1 
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The  plots  of  the  bounds  on  the  chirp  pulse  spectrum  are  referenced  to  £'• 


df  •  f  -  t  (6) 

o 

The  procedure  for  plotting  the  bounds  on  the  chirp  pulse  when  the  product 
8t  >  2/ir  is  illustrated  in  Figure  8  and  entails  the  following  steps.  Several 
numerical  examples  are  presented  in  Section  S.  Step  ^  (A)  Is  used  when  the 
pulse  is  symmetrical,  whereas  Step  1  (B)  is  used  when  the  pulse  is 
asymmetrical. 


Step  1  (A)  -  If  the  pulse  is  symmetrical  (6^  »  5^ ) ,  calculate  the  critical 
frequencies,  ^£2#  hf  3,  Af^^,  Af^^.*  Afj.^.,  and  Afjj_  as: 


1  (a.? 

"  V'b/ 

—  / — 

''  Vbl  \^/ 


where 


1/1  1 

2  V^'^f 


1  1  -  ^ 
^  \  ^b 


The  spectrum  is  symmetrical  about  f^,  so  the  same  plot  can  be  used  for 
positive  and  negative  values  of  Af. 
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(LOGARITHMIC  SCALE) 


When  af.  <  \ /'nh  . 
o 


Figure  8«  Spectrum  bounds  for  chirp  radar  pulse*  (Page  1  of  2). 

Note:  This  figure  depicts  the  bounds  for  positive  values  of  af 
based  on  Equations  13  and  14.  The  bounds  for  negative 
values  of  Af  are  plotted  in  a  similar  manner  based  on 
Equations  15  and  I6. 


Section  3 


„  SLOPE  IS 
VARIABLE 


SLOPE = 

-AOdBAXCADE 


ESD-TR-81 -1 00  Section  3 

Step  1  (B)  -  When  the  pulse  is  asymaettical  and  >  2/ir,  critical 
frequencies  may  be  calculated  using  the  equations: 


(11  ) 


(12) 


When  the  spectrum  is  asymmetrical,  positive  and  negative  halves  must  be 
plotted  separately  because  f^  ^  as  shown  in  Equations  7,  8,  9,  and  10. 

For  positive  Af: 


Af 


M6 


a+ 


) 


(13) 


b+ 


2Af,,  (when  8  <  i/s) 


M6 


(when  66  >  1/n  )  <14) 


’  -  JUK 

.  /2(6_  ♦ 


r 


For  negative  t£'. 


ti 

a- 


-N6 


6r  t6, 


/ 


(15) 
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2Af  (when  36  <  \ /it) 


-Ng 

6+6, 


'2  (6^  +  6j) 


(when  36  >1/1*) 


For  the  H  and  N  values  used  here/  see  TABLE  1. 

Step  2  -  Draw  line  1  horizontally  through  0  dB  (see  Figures  Ba  and  Bb). 

Step  3  -  If  Afjj  is  less  than  1/(ir6),  use  Figure  8a  and  draw  line  2  with  a 

slope  of  -20  dB/decade  starting  on  line  1  at  Af2« 

If  Af^  is  equal  to  or  greater  thw  1/(ir6),  skip  this  step  and  use  Figure 
8b  for  the  next  step. 

Step  4  -  Draw  line  3  with  a  slope  of  -40  dB/decade  starting  on  line  1  at 
Af-j  in  Figure  8a  or  Sb. 

Step  5  -  Locate  point  "a"  or  "a'"  at  6  dB  down  from  0  dB  at  Af^  or  Af^j'  in 
Figure  8a  or  8b,  respectively. 

Step  6  -  Locate  point  "b"  or  "b"’  at  Atj^'  on  line  2  in  Figure  8a,  or  on 
line  3  in  Figure  8b,  respectively. 

Step  7  -  Draw  line  4  or  line  4'  through  points  "a"  and  "b"  in  Figure  8a, 

or  through  points  "a'"  and  "b'"  in  Figure  8b. 

spectrum  Bounds 


For  the  situation  where  Af^j  <  V(*6),  the  spectrum  is  bounded  by  a  curve 
as  described  by  lines  1,  4,  2,  and  3  in  Figure  8a.  If  Af^  >_  1/(7r6),  the 
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spectrum  would  be  bounded  by  a  curve,  as  described  by  lines  1,  4,  and  3  in 
Figure  6b. 

Die  peak  energy^ensity  level,  P^,  corresponding  to  the  0  dB  level  in 
Figure  8a  or  6b  is  calculated  as  follows: 


-  (PTjj/6)  joules/Hs 


(17) 


where 


8  «  frequency  deviation  during  pulse,  in  Hz 

»  pulse  width  at  the  base  of ^ the  pulse,  in  seconds. 

Sample  Calculations  of  Radar  Emission  Spectrum  Bounds 


Example  1 .  Ordinary  (nonchirp)  trapezoidal  pulse 


T  -  6  X  10"*  s 
<5p  -  0.  2  X  10"*  3 

6j  -  0.35  X  10"*  s 


Step  1  -  Calculate  critical  frequencies  Equations  2 

and  3: 


Af 


2 


1 

XT 


1 _ 

x(6  X  10"®) 


53. 1  kHz 


1 

T 


20*  /  _i_  _i \ 

2  \0. 2  0.35/ 


_ 1 _ 

0.  25  X  10"*  s 
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Af . 


t(T6)  '^2 


it{(6  X  10"®)  (0.25  X 


259.9  kHz 


Stap  2  -  Using  Figure  9,  draw  lina  1  horizontally  through  0  dB  on  the 
ordinate  representing  the  peak  energy-density  level. 

Step  3  -  Starting  on  line  1  at  Af 2»  draw  line  2  with  a  slope  of 
-20  dB/decade. 

Step  4  -  Starting  on  line  1  at  Af 3,  draw  line  3  with  a  slope  of 
-40  dB/decade. 

The  spectrum  bounds  are  described  by  lines  1 ,  2,  and  3.  To  indicate  the 
accuracy  of  this  approximation  technique,  portions  of  the  energy-density 
function  are  plotted  in  I’igure  9. 

The  peak  energy -density  level  corresponding  to  the  0  dB  point  is 
calculated  as  follows: 

Assume:  Peak  power  (P)  ■  1  x  10^  watts 

From  Equation  4, 

P^  -  (Pt^) 

-  (1  X  10®)  (6  X  10’®)2 

-  3.6  X  10"®  joules/lte. 

Example  2.  Linear  chirp  pulse 

To  illustrate  the  procedure  for  determining  the  approximate  bounds  on  the 
spectrum  of  a  typical  chirp  pulse,  the  following  exeunple  is  considered  where 
the  pulse  parameters  are: 


ESD-TR-8 1-100 
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6  ■  1  X  10®  Hz,  positive  deviation 

Tjj  ■  102  X  10"®3 

-  1  X  10~®3 
T  -  101  X  10"®S. 

Step  1  -  Determine  if  6  >  2/(xt)  and  if  the  pulse  is  symmetrical. 

2/(ht)  «  0.0063  X  10®,  which  is  less  than  0, 

®r  *  ®f  therefore  the  pulse  is  symmetrical. 

Since  the  pulse  meets  these  conditions,  calculate  Afj.  Af,,  Af^^,  Af^^^, 
Af^^,  and  Af^_  according  to  Step  1  (A). 

Step  1  (A) ; 

f  1  ^^2 

Afj  ■  7  ^  10^/(102  X  10'®)l  -  0.032  x  10^  Hz 


Af^  -  I  1  X  10®/(l02  X  10”®)|  ^  (l  X  10®)  '^2  .  0.10  X  10®  Hz 
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-  2tf 

b-  a- 


-1.0  X  10®  Hz 


Now,  plot  the  spectrum  bounds  as  follows  and  as  shown  in  Figure  10. 

Step  2:  Draw  line  1  horizontally  through  0  dB. 

Step  3;  Is  Af^j  >  1/(it6)? 

10® 

l/(Tt5)  - -  =  0.32  X  10®  Hz,  which  is  less  than  Afw.  Therefore, 

11  D 

line  2  is  not  used  in  the  approximation  of  the  spectrum  bounds.  Proceed  to 
step  4. 

Step  4!  Starting  on  line  1  in  Figure  10,  at  Af  •  y  draw  line  3  with  a 
slope  of  -40  dB /decade. 

Step  5;  Locate  point  "a"  6  dB  down  at  Af  ■  Af^^. 

Step  6:  Since  Afj,+  >  1/(xfi),  for  this  example,  locate  point  ^  at 
Af  •  on  line  3. 

Step  7:  Draw  line  4  through  points  a  emd  b. 

The  approximate  bounds  of  the  spectrum  are  formed  by  the  solid  lines  i , 

4,  and  3  on  Figure  10.  Line  2  is  not  used  in  this  particular  example  because 
Af^  >  1/(ii£).  The  pulse  is  symmetrical,  therefore  the  spectrum  is  also 
symmetrical  and  the  plot  can  be  used  for  either  positive  or  negative  values  of 
Af . 


The  peak,  energy -density  level  corresponding  to  the  0  dB  is  calculated  as 
follows: 


26 
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Figure  10.  Bounds  on  the  noroialized  energy -density  spectrum  of  the  chirp  pulse  in  Example  2. 

(The  normalized  energy -density  function  calculated  with  a  double  precision  algorithm  is 
also  shown  for  comparison. ) 


FI t  of  the 


sroxloate  Bounds  to  the  Spectrum 


the  fit  of  the  approximate  bounds  obtained  with  the  method  described 
varies  over  the  spectrum,  and  is  best  for  values  of  Af  greater  than  36«  At 
about  ^  >  36,  the  difference  between  the  approximate  boun'^  and  the  peaXs  of 
the  lobes  in  the  spectrum  are  less  chan  1  dB.  As  Af  is  increased  further,  the 
difference  rapidly  approaches  zero.  In  the  region  represented  by  line  1 ,  the 
difference  usually  is  in  the  order  of  1  dB. 


The  largest  difference  occurs  in  the  region  represented  by  line  4  at 
Point  b.  For  long  symmetrical  pulses,  the  approximate  bound  here  usually 
underestinates  the  spectr’Jm  by  less  than  6  dB,  but  for  asymmetrical  pulses, 
especially  when  is  not  much  larger  than  either  6^  or  5^,  the  approximate 
difference  may  be  as  much  as  about  10  dB.  Because  line  4  is  used  to  represent 
only  a  small  part  of  the  overall  spectrum,  this  difference  is  acceptable  for 
most  spectrum  analyses. 
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Section  4 


This  section  and  the  appendixes  present  derivations  of  the  formulas  used 
in  procedures  given  in  Section  3.  Since  all  of  the  information  required  to 
apply  the  procedures  is  given  in  Section  3,  Section  4  can  be  shipped  by  the 
reader  who  is  not  interested  in  the  derivations. 

APPROACH  TO  DEVELOPING  THE  MODEL 


The  equation  of  the  spectrum  of  a  chirp  pulse  involves  Fresnel  integrals 
and  thus  is  cumbersome  to  evaluate.^  By  expressing  the  Fresnel  integral  in 
the  forr"  of  an  asymptotic  expansion  and  using  only  the  first  few  terms,  a 
simple  expression  was  obtained  that  yields  a  very  accurate  approximation  of 
the  spectral  voltage -density  function,  except  for  frequencies  within  two 
relatively  narrow  intervals,  to  ^3  ^4'  indicated  in  Figure  11. 

The  simple  expression  also  yields  an  accurate  approximation  at  the  center  of 
each  of  those  intervals,  namely  at  points  a^  and  a^,  so  that  even  within  those 
intervals  a  good  estimate  of  the  spectral  voltage -density  can  be  obtained. 
Using  the  expression  derived  for  the  spectral  voltage-density  function, 
formulas  were  derived  for  functions  that  bound  the  chirp  spectrum. 

DESCRIPTION  OF  THE  CHIRP  SIGNAL 


The  parameters  that  describe  a  LFM  or  chirp  pulse  are  shown  in  Figure  12.  A 
trapezoidal  envelope  is  used  because  the  shirts  of  the  spectrum  are  very 
sensltitive  to  the  slopes  of  the  edges  of  the  pulse.  A  rectangular  envelope 
is  adequate  if  only  the  in-band  region  of  the  spectrum  is  of  interest; 
however,  in  electromagnetic  compatibility  analyses  the  shirts  of  the  spectrum 
are  of  primary  concern.  Therefore,  the  shirts  must  be  represented 
realistically. 


^Cooh,  C.E. ,  "Pulse  Compression  —  Key  to  More  Efficient  Radar  Transmission," 
Proc.  IRE,  Vol.  48,  March  1960,  pp.  310-316. 
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The  time  waveform  of  the  pulse  can  be  expressed  by  (see  Reference  2): 


v(t) 


A{t)  COS 


[2«(f  t  +  ~  )] 
O  2 


(1  8) 


where 


f^  is  the  reference  frequency  used  here  for  a  chirp  pulse 


j'VCt  -  t^)/6^.  £  t  £  tj 


A(t)  -i 


V, 


^2  1  ^  "^3 


V(t^  -  t)/C^.  ^3  1  t  1 


ko. 


t^  <  t  <  t, 


-  8/t. 


(18a) 


(1  a>) 


The  derivation  will  be  made  assuming  that  the  deviation  is  positive, 
i.e<,  the  frequency  is  shifted  upward  during  the  pulse,  Ihe  model  developed 
can  also  handle  negative  deviation  using  a  procedure  that  is  explained  at  the 
end  of  this  section. 


As  explained  in  APPENDIX  H,  the  location  of  the  origin  of  the  chirp 
signal  on  the  time  scale,  relative  to  t,,  t2,  etc.,  affects  the  closeness  of 
the  fit  of  the  approximate  bounds  to  the  spectrum.  Studying  the  appendix  will 
be  more  meaningful  if  the  reader  goes  through  this  section  first.  The  origin 
of  the  signal  is  located  so  that: 


t 


1 


(19) 


t 


2 


+  i 

r 


(20) 
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t3  -  -  6^  (21) 


With  this  time  scale,  the  instantaneous  frequency  is  equal  to  when 
t  ■  0.  Other  time  parameters  used  in  the  derivation  are: 


tr  -  +  t2)/2 

■  (tj  -t  t^)/2 


VOLTAGE -DENSITY  SPECTRUM 


(23) 


(24) 


(25) 


(26) 


(27) 


The  basic  expression  for  the  voltage-density  spectrum,  V(f),  is: 


»  -j2ff£t 

V(f)  -  I  v(t)e  dt 


(28) 


The  spectrum  for  the  time  waveform  described  by  Equation  18  is: 
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V(f)  -  F(f)  -t-  G(f)  (29) 


where 


n  2 

1  4  j2ir  (kt  /2  +  (f  -  f)  tl 

F(f)  >  -  /  A(t)e  o  dt  (30) 

2  t 

1 


t  2 

1  4  -j2ir  (kt  /2  (f  +  f)  t] 

G(f)  -  -  /  A(t)e  o  dt  (31) 

2  t 

1 

The  spectrum  F(f)  is  centered  on  and  the  spectrum  G(f)  on 

Determining  the  energy-density  spectrum,  E(f),  one  of  the  steps  in  deriving 
the  model  can  be  accomplished  by  using  either  F(£)  or  G(f),  as  explained  in 
APPENDIX  A.  In  the  derivation  that  follows  F(f)  will  be  used. 


By  performing  the  mathematical  manipulations  shown  in  APPENDIX  B,  F(df) 
can  be  expressed  in  the  form: 


2 

V  -jirAf  A  4  1 

F(a£)  -  — e  I  —  lx  Z<X  >  -  ♦^X  )1  (32) 

4k  i-1  3  i  i  i 

i 


where 


ca  -  f  -  f 

o 


(33) 


«3  -  -6, 


(34) 
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Z(X  )  ■  /  cos  /2)  dt  +  j  /  stn  (nt  /2)  dt 
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(35) 


♦(X,)  -  -e 


1 


(36) 


(37) 


i  1*  1,  2>  3/  4 

Equation  36  ia  called  the  complex  Fresnel  integral.  APPENDIX  C  presents 
some  asymptotic  expansions  that  can  be  used  to  evaluate  the  integral.  Using 
the  asymptotic  expansions,  approximations  that  can  be  used  in  place  of 
Equation  32  were  derived  in  APPENDIX  D.  These  approximations  are  as  follows; 


F(Af)  - 


V  e 


jn/4 


2  K 


Sij  <  af  < 


Kt 


(38) 


j2xt  ( - Af ) 

i  2 


V  4  e 

F(Af)  - 2 

2  i»1 

8n 


—  — — ,  Af  <  n  or  Af  >  D 

2  1  4 

5  (kt  -  Af)  (39) 

1  i 


1  ^12 


F(0)  - 


2  /k 


(40) 


F(Af^)  -  ^  F(0) 


(41  ) 


F(Af^  )  -  F(0) 


(42) 
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(43) 


(44) 


(45) 


(46) 


(47) 


Afj  -  (48) 

Figure  U-1  in  APPENDIX  D  shows  the  frequency  bands  that  are  defined 
by  0^,  ^2'  ^3'  ^  explained  in  that  appendix,  the  approximations  that 

yield  Hquations  38  and  39  are  not  valid  when  <  Af  <  or  <  Lf  <. 

BOUNDS  ON  THE  VOLTAGE -DENSITY  SFBCTRUM 

The  function  |F(Af)|,  which  describes  the  magnitude  of  the  spectrum, 
contains  lobes,  as  shown  in  Figure  13.  To  simplify  mathematical  modeling,  the 
usual  practice  in  ma)(xng  QtC  analyses  is  to  represent  the  spectrum  with  a  set 
of  smooth  curves  that  bound  the  spectrum.  The  functions  used  as  the  bound 
should  satisfy  two  requirements  —  simplicity  of  expression  and  production  of 
a  close-fitting  bound  or  a  good  approximation  thereof. 
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F{Af) 


Figure  13.  The  voltage-density  spectrum  |F(&f)|  and  its  bound  F(^£). 


The  function  that  we  will  use  as  a  bound  on  the  spectrum  is  denoted  by 
F(df).  By  definition  the  bound  should  satisfy  the  condition: 


F(Af)  >  |F(Af) 


(49) 


Expressions  for  F(d£),  which  has  the  general  characteristics  indicated 
in  Figure  13,  will  be  derived  using  Bguatlons  38  through  42. 

BOUNDS  ON  IN-BAND  REGION  OF  SPECTRUM 


1 

1 


For  the  interval  between  ^3'  which  we  refer  to  as  the  in-band 

region.  Equation  38  will  be  used  to  descrilse  F(Af).  As  indicated  in  Figure  13, 
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the  amplitude  of  the  voltage -density  spectrum  is  nearly  constant  in  this 
region; 


iF(Af)  1 


flj  <  Af  < 


(50) 


It  follows  that: 


F(0) 


(51) 


dear  the  IcMer  end  of  this  spectral  region,  where: 


Af  -  Af  •  )tt 
r  r 


(52) 


Equation  41  is  used  to  obtain: 

i 


F(Af^) 


(53) 


Therefore,  at  Af  ■  kt^,  F(Af)  is  approximately  6  dB  drwn  with  respect  to 
F(0)  when: 


Af  •  Afj  ■  ktj 


I 

! 

(54)  .  ? 


38 


i 
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Equation  42  is  used  to  obtain: 


*  F(0)  V 

P(Af-)  -  -  - 


Thus  at  A£  »  ktg,  F(Af)  is  approximately  6  dB  down  with  respect  to 
F(0). 

BOUNDS  ON  THE  SKIRTS  OF  THE  SPECTRUM 


Af  <  - 


yJl 


/T 

>  *^4  “  7“ TT/  *ir 

r  f  b 


the  variable  IxJ  or  IX4I  2.  ^  voltage-density  spectrum  can  be  expressed 

in  the  form  of  an  asymptotic  expansion,  as  explained  in  APPENDIX  D.  Although 
it  is  not  apparent  at  this  point  in  the  derivation,  two  frequencies  critical 
in  determining  the  bounds  are  Af  •  ±l/(it6).  Iherefore,  the  asymptotic 
expansion  is  expressed  in  two  ways.  When  1/s6  <  S  <  |Af|,  it  is  convenient  to 


F(Af) 


I  4 
—  Z 
2  i-1 


j2Trt  (kt  /2  -  Af) 
o  i  i 


6  (kt  -  Af) 
i  i 
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where 


1 


(S 


r 


6 


f 


When  8  <  lAfj  <  1/^^^)  convenient  to  use: 


F(Af ) 


^jV2 

4r 


(59) 


jitk(t^  +  6^/4) 
e*^  r  r 


-j2irt  Af  Sin  ltd  (kt  -  Af) 
e  r  _ r  t _ 

(kt^  -  4f  )  ndj.  (kt^  -  Af ) 


^-j2TrtjAf  Sin  ttdg  (ktj^  -  Af)  ' 
(kt^  -  Af)  iiSj  (ktj  -  Af) 


The  derivations  for  these  equations  are  given  in  APPEWDIX  E. 

First  we  consider  the  case  where  B  <  l/rd  and  then  the  case  where 

B  >  l/ird. 

For  the  Case  When  6  <  l/rd 


When  B  <  bound  on  the  skirts  of  the  spectrum  is  found  by  using 

Equation  59,  as  explained  in  APPENDIX  F. 


When  B  <  |Af|  <  1/ird; 


A 

F(Af ) 


\ _ 

-  Af) 


(60) 
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When  tt  Is  slightly  more  negative  than  = 


P(Af ) 


‘4s  (kt^  -  A£) 


When  Af  is  slightly  more  positive  than  kt^: 


(61  ) 


A 

F(4f  ) 


V 


4s  (kt^  -  Af) 


(62) 


When  -l/(s6^)  < 
F(Af ) 

When  kt^  «  Af  < 
F(Af ) 

When  Af  <  -l/(s6 
F(Af ) 


Af  « 

V 

-2ffAf 

1/(irAf ): 

_V _ 

2sAf 

I  or  Af  >  1/(s6g): 
V 

m  -  .  ■  — I  ■ 

25(ffAf 


(63) 


(64) 


(65) 


The  curves  described  by  these  equations  are  shovm  in  Figure  14. 


Critical  Frequencies.  The  critical  frequencies  at  which  the  above  curves 
intersect  are  as  follows.  Equating  the  curves  given  by  Equations  51  and  64, 
gives: 


Af 


2 


(66) 
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Figure  14.  Itie  curves  that  approximate  the  bounds  on  the  voltage -density  spectrum,  F(&ff,  yhen  fi  <  l/w6 
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Equating  the  curves  in  Equations  61  and  63  gives: 


-20  (6^  + 


Eqxuiting  the  curves  in  Equations  62  and  64  gives: 


266f  /  6^  ^ 

^^+20  *  (5  +  6  )  r  “  2t 

r  f  \  b 


Equating  the  curves  in  Equations  51  and  65  gives: 


where 


-3  ■  7  (t)  (t) 


i  .  I  ,  1_1 

6  2  ^6  6^'' 
r  f 


For  the  Case  when  6  >  1  /it6 


When  6  >  l/n6,  the  bound  on  the  skirts  of  the  spectrum  is  found  by  using 
Equation  58.  As  explained  in  APPENDIX  G,  the  results  are  as  follows: 


F(df ) 


V  1  1  1 

87r^  ‘^r  [(kt^  -  4f)^  (kt^  -  Af)^ 


1  1 

^  ~  - 2*  - 

f  [<^^3  ■  <*^^4 

When  Af  is  slightly  mote  negative  than  kt.: 


^11 


F(Af ) 


8x^ 
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The  approximation  given  by  Equation  72  vrill  be  uaed  when 
^*-40  <  where  is  given  by  Equation  76. '  For  most  chirp  radar 

pulses,  the  approximation  causes  an  error  of  about  S-6^dB  at  &f  ■  Af 
which  corresponds  to  point  *b"  in  Figure  10.  Because  this  error  exists  over  a 
very  small  interval  of  frequency,  it  is  acceptad>le  for  most  QIC  analyses. 

Similarly,  when  kt^  <  Af  <  ^+40'  ^^+40* 


F(Af)  • 


8s^  -  Af)^ 

f  4 


(73) 


vfhen  Af  «  Ict^  or  Af  >>  Ict^s 


(2»Af)^  °r 


26  (irAf )' 


(74) 


The  parameter  6  is  defined  by  Equation  27. 

For  the  Kinds  of  pulses  used  in  most  chirp  radars,  the  approximation 
given  by  Equation  74  is  in  error  by  a)oout  6  dB  when  |Af|  >  S,  and  less  than  1 
dB  when  |Af|  >36.  Equating  51  and  74  yieldst 


Equating  72  and  74  yields; 


-65. 


Af 


•40 


^  +  «£ 


2(6^  5^; 


(75) 


(76) 
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tha'^  approximate  the  bound;'  ia  the  voltage-density  spectrum,  F(fif),  when  0  >  1/i6 
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With  this  relationship,  we  can  express  the  approximate  bounds  for  the 
various  regions  of  the  energy -densiti'  spectrum  using  Bjuationa  51  through 
77,  which  describe  the  bounds  on  the  voltage-density  spectrum. 

Starting  with  Equation  51  we  get: 

E(0)  -  2tF(0)]^  -  T^/(26)  (81) 

b 

Assuming  a  1-ohm  resistive  load: 


2  2 
P  .  7*^/2  a  V' 

rms 


(82) 


where 


V  is  the  peak  instantaneous  voltage,  as  indicated  in  Figure  12 
'^rms  effective,  or  root-mean-square  voltage 

P  is  defined  as  the  average  power  over  one  cycle  while  the  envelope 
of  the  pulse  is  at  its  maximum  value,  i.e.,  when  ^2  —  ^ 

referred  to  as  the  peak  newer  of  the  pulse. 

Using  Equations  81  and  82  gives  the  (sounds  at  Af  ■  Os 

E(0)  •  Pt,/0  ioules/H*  (83) 

b 

RELATIVE  ENERGY  DENSITY 


For  convenience,  the  bounds  on  the  energy-density  spectrum  are  normalized 
to  the  peak  value  and  expressed  in  docibels.  The  normalized  function,  which 
is  denoted  by  e(Af)  ana  is  referred  to  as  the  relative  energy -dens tty 
spectrum,  is  obtained  by- 

citt)  »  10  loglE(Af  )/E(0))  -  20  logCf’(df  ;/F(0 )  J  (84) 
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The  various  equations  used  to  obtain  e<&£)  are  shovm  in  Figures  16  and 
17.  K  logarithodc  scale  is  used  for  the  abscissa  and  a  dB  scale  is  used  for 
the  ordinate  so  that  the  functions  can  be  plotted  as  straight  lines. 

M  Indicated  in  these  figures,  the  bounds  on  the  relative  energy -density 
spectrum  in  the  vicinity  of  the  -6  dB  points  are  labeled  a_  and  a^  in  the 
figures,  and  are  more  closely  approximated  by  straight  lines  dratm  through 
points  a_  and  b_  and  through  points  a^  and  b^,.  Curves  B  and  C  in  Figures  16 
and  17  wore  useful  for  locating  points  b_  and  b^.. 

In  the  model  described  in  Section  3: 


I  when  86  _>. 


d£ 


b- 


Af_2Q  when  86  <  V* 


Af 


b+ 


Af 


When  8  6  2.  Vt 


^♦20  ®  ^  ^ 


METHOD  FOR  HANDLING  NEGATIVE  DEVIATION 


(85) 


(86) 


As  explained  in  the  discussion  associated  with  Bguation  I8b,  defining  k, 
the  derivation  assumes  a  positive  frequency  deviation  during  the  pulse 
(frequency  is  shifted  upward).  With  this  condition  the  rise  time  tends  to 
have  the  greatest  influence  on  the  negative  region  of  the  spectrum,  and  the 
fall  tine,  on  the  positive  region. 
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Figure  16.  Itie  curves  that  approxinately  bound  the  energy-density  apectrun,  e(df),  ^en  65  <  1/«. 
(Page  1  of  2) . 
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'nte  labeled  curves  and  lines  correspond  to  the  curves  shown  in  Figure  1 4« 

The  relative  amplitude  is  found  by: 

Une  A,  20  log  IF(0)/F(0)1  -  0  dB 

Idne  through  points  a_  and  b_,  is  a  better -bound  than  Curve  B.  Point  a_ 
is  located  6  dB  down  at  >  kt^  (see  Equations  52  and  S3)  and  point  b. 

is  located  on  line  D  at  df|j_  ■  ^^-20  Equation  74). 

Lina  through  points  a-t-  and  is  a  better  bound  th^m  Curve  C.  Point  a+ 
is  located  6  dB  down  at  *  kt^  (see  Equations  54  and  55)  and  point  b-*- 

is  located  on  line  D  at  «  ^^+20  Equation  75). 

Line  D,  found  by  using  Equations  63,  78,  82,  and  83,  is: 


10  log 


6 

FT, 


•  10  log 


$ 


Tj^(wdf  )' 


(wdf)  ‘b 

Line  E,  found  by  using  Equations  64,  78,  82,  and  83,  is: 


10  log 


6 


T.  (ndf  )• 
o 


Line  F,  found  by  using  Equations  65,  78,  82,  and  83,  is: 


10  log 


(wdf)'* 


B 

FT, 


10  log 


T^d^drdf)^ 

D 


Figure  1 6.  ( Page  2  of  2 )  • 
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that  approximately  bound  the  energy^ensity  spectrum 
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Itie  laJseled  curves  and  lines  correspond  to  the  curves  shown  in  Figure  1 5.  The 
relative  amplitude  is  found  b^: 

10  log  [E(£)/E(0)]  -  20  log  IF(f)/F(0)] 

A 

Line  A  is:  20  log  IP(0)/F(0)1  -  0  dB 

Line  through  points  a_  and  b_,  is  a  better  bound  than  curve  8.  Point  a_ 
is  6  dB  down  at  A£^_  -  kt^  (see  Qiiuations  52  and  53)  and  point  b.  is 
located  on  line  0  at  *  ^-40  Equation  71). 

Line  through  points  and  b^»  is  a  better  bound  than  Curve  C.  Joint  a^ 
is  6  dB  down  at  •  kc^  (see  Equations  54  and  55)  and  point  b^  is 

located  on  line  D  at  ■  ^^-*.40  ^***  Equation  72). 

e 

Line  0,  found  using  Bqxiations  69,  78,  82,  and  83,  is; 


1 0  log 


P  3_1 

•'»  1 0  log 

0 

.2  4  PT 

.2  ^4 

6  <  irdf )  b 

(irdf) 

Figure  1  7.  ( Page  2  of  2 ) . 
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Whan  the  deviation  la  negative: 


(87) 


and  the  roles  of  and  are  interchanged;  consequently,  kt^  and  kt2  are 
positive,  and  kt^  and  kt^  are  negative.  In  the  model  described  in  Section  3, 
the  parameters  Q,  M,  and  b!  given  in  TABLE  1  enable  the  model  to  accommodate 
either  positive  or  negative  frequency  deviation. 

DISPLACEMENT  BETWEEN  f  AND  f^ 

o  c 


Two  key  frequencies  included  among  the  parameters  describing  the  chirp 
pulse  are  and  f^,  as  shown  in  Figure  12. 

fg  ■  the  instantaneous  frequency  at  t  ■  0,  the  asymptotic  frequency 
of  the  skirts  of  the  spectrum. 

f^  -  the  instantaneous  frequency  that  corresponds  to  the  midpoint 
of  the  base  of  the  pulse;  the  nominal  center  frequency. 

Whan  ■  6^,  f^  ■  f^,  but  when  6^  f  6f,  f^  and  f^  are  displaced  from  one 
another.  Since  f^  is  not  a  given  parameter  it  must  be  calculated. 

When  the  deviation  is  positive: 


6(6^  - 

^o  ”  TTTT’TJT 


(88) 


i 

1 


% 


j 


When  the  deviation  is  negative: 


e  (6^  -  6j) 

^o  “  *c  ~  2  (6  5  ) 

r  f 


(89) 
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Equations  68  emd  89  are  derived  in  APPENDIX  I. 


Consider  the  following  example*  Given: 


6  •  •  1  us  6 .  >  1  US 

r  f 

g  ■>  1  HHz,  positive  deviation 


£  a  1100  MHz 
c 


Calculate  £^  using  Equation  88: 


f 

o 


1100 

(1100 


1  (*1  -  1) 

2  (.1  +  1) 

.  41  )  MHz 


Using  as  the  reference: 

A£  a  .41  MHz 

c 

A  plot  of  the  bounds  on  the  spectrum  of  this  example  would  have  the 
characteristics  shown  in  Figure  18.  Two  numerical  examples  of  asymmetrical 
pulses  are  also  included  in  Section  5. 
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SECTION  5 

NUMERICAL  EXAMPLES  OF  THE 
BOCJNOS  ON  CHIRP  SPECTRA 

lb  eld  the  reader  in  applying  the  procedures  for  plotting  the  spectral 
bounds  on  chirp  pulses,  seven  numerical  examples  are  presented  here.  The 
given  parameter  values  that  describe  the  chirp  waveforms  and  calculated 
parameter  values  that  are  used  in  plotting  the  spectral  bounds  are  listed  in 
TABLE  2.  The  resulting  graphs,  which  are  shown  in  Figures  19  through  25, 
illustrate  the  effect  of  the  pulse  parameters  on  the  overall  shape  of  the 
spectrum. 

In  ac2unple8  1  through  5,  the  pulse  shapes  are  symmetrical,  i.e., 

»  6^.  For  that  condition,  the  spectrum  and  its  bounds  are  symmetrical 
about  the  carrier  frequency,  f^,  so  that  *  f^. 

In  Exairaples  6  and  7,  the  pulses  are  asymmetrical.  Plots  of  the  bounds 
for  these  two  examples  are  shown  in  Figures  24  and  25.  The  bounds  for  example 
7  are  also  plotted  in  Figures  26  and  27,  which  have  linear  frequency  scales. 
Each  of  these  two  figures  includes  a  graph  of  the  energy-density  function 
(solid  line)  as  well  as  the  bounds  (dashed  line)  to  show  how  well  the  bounds 
fit  the  spectral-density  function  and  to  better  show  the  effects  of  pulse 
asymmetry.  Each  graph  shows  the  relative  spectr.= '  density  as  a  function  of 
the  variable  df  (scale  along  tlie  bottom  of  the  graph)  and  as  a  function  of  the 
variable  Af^  (scale  along  the  too  of  the  graph) 

where 


Af  -  f  -  fo 


Af, 


-  f  -  f. 


f  ■  frequency  of  interest 
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Figure  19.  A  graph  of  the  spectral  bounds  for  Exanple 
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Figure  20.  A  graph  of  the  spectral  bounds  for  Example 


Figure  21.  A  graph  of  the  spectral  bounds  for  Example 


ESD-TR-ei-100 


Section  S 


62 


Figure  22.  A  graph  of  the  spectral  bounds  for  Exanple 


jAf|  IN  MHz 

Piguce  23.  A  graph  of  the  spectral  bounds  for  Example 
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rigure  24.  A  graph  of  the  spectral  bounds  for  Exaeple 
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Figure  25.  A  graph  of  the  spectral  bounds  for  Example 


IN  MHz 


c  (aniid  line)  and  the  bounds  (dashed 

lative  energy  density  function  (solid  line)  ana 

that  the  frequency  scale  is  linear. 
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■  carrier  frequency  of  the  chirp  pulse 

■  the  frequency  about  which  the  lower  shirts  of  the  spectral  bounds 
are  symmetrical. 

■Pie  relationship  between  f^  and  f^  is  illustrarted  graphically  in  Figure 
12.  The  offset,  f^  -  f^,  is  given  by  Bquation  5. 

AS  illustrated  in  Figures  26  and  27,  that  part  of  the  spectral  bounds 
between  point  a_  and  a^  is  nearly  symmetrical  about  f,,;  whereas,  the  bounds  to 
the  left  of  point  b_  and  to  the  right  of  point  b_^  are  symmetrical  about  f^. 

The  relative  energy  density  function,  e(Af),  in  Figure  26  appears  as  a 
smooth  curve.  Actually,  there  are  minor  ripples  with  em  amplitude  of  about 
+1  dB  and  with  a  period  of  l/^b* 
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APPENDIX  A 

TREATMENT  OF  NEGATIVE  FRECUENCIES 

(Equations  in  this  appendix  that  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  nuetbers. ) 

the  voltage-density  spectnsn  of  a  linear  FM  trapezoidal  pulse  may  be 
expressed  in  the  form: 

V(f)  -  r  v(t)  e“3  2ifft 

where 

v(t)  »  A(t)  cos  (2ir(f  t  +  kt^/2)} 

o 

A(t)  »  amplitxide  of  trapezoidal  pulse  in  the  interval  t^  to  t^. 

Using  Euler's  formulas: 

jy 

e  ■  cos  y  +  ]  sin  y 

-jy  ! 

e  -  cos  y  -  j  sin  y  ■! 


V(f)  -  F(f)  -t-  G(f). 

Thus  the  voltage-density  spectrum  consisui  oi  uie  Bu.r.  of  two  spectra:  F(f}, 
which  is  centered  on  +f^  and  G(f),  which  is  centered  on  following 
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analysis  vd.ll  show  that  |c>(f)|  is  approximately  20  dB  less  than  |r(£)|  in  the 
region  <  f  <  2fg  and  |F(f)l  is  approximately  20  dB  less  than  iG<f)|  in 

the  region  -2fQ  <  f  <  -t^/2.  Based  on  these  inequalities,  we  state  that: 

lV(f)|  -|G(f)|,  -2f  <  f  <  -£  /2  (A-1) 


|V(f )|  • |F(f )| ,  £-/2  <  f  <  2£, 


(A-2) 


Ihese  relations  permit  the  bounds  on  V(£)  in  the  region  fQ/2  <  f  <  2 
to  be  determined  only  by  considering  the  bounds  on  |F(f)|  in  that  region. 

To  justify  the  statement  concerning  the  relations  b.  tween  |r(f)|  and 
|G(f)|,  consider  the  expression  for  the  positive  part  of  the  spectrum  centered 
on  of  a  symmetrical  trapezoidal  RP  pulse  having  no  FM  as: 


F(Af ) 


2  ^ 


sin  STAf 
srAf 


sin  irdAf 
‘s^Af 


where  t  is  the  mean  pulse  length  and  6  is  the  rise  and  fall  time  of  the  pulse 
and  Af  ■  f  -  fr,.  For  £  -  £o/2,  we  have: 


G(f^/2) 


I  V 


or  |G(fo/2)|  is  about  20  dB  less  than  |F(fQ/2)| 


Fbr  f  ■  2f^y,  we  have 


F(2f^) 

G(2f  ) 
o 


or  |G(2f„)|  is  about  20  dB  leas  than  |F(2£q}|. 
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llittse  rttlatlons  also  apply  to  an  asynunatrical  trapazoldal  RF  pulse  having 
FM,  as  can  be  demonstrated  by  considering  the  bounds  on  the  skirts  of  the 
spectrum  as  expressed  by  Equations  74  and  65  in  APPENDIX  G  and  APPENDIX  F, 
respectively.  Equations  30  and  31  can  be  rewritten  to  show  that: 

F(f)  -  G*(-f)  (A-3) 


Thus : 


|F(f)l2  .  |G(-f)|2 


(A-4) 


Using  Equations  A-1,  A- 2,  and  A-4,  we  have: 

|V(f)|2  -  |V(-f)l2,  when  f^/2  <  |f|  <  2f^  (A-5) 

Thus,  the  energy  density  at  f  is  equal  to  the  energy  density  at  -f.  Next,  we 

4 

will  use  SaXrison's  interpretation  of  energy  density. 


The  energy -density  spectnun  of  the  chirp  pulse  can  be  expressed  as: 


I V(+f ) 12  +  |v(-f ) |2  .  2  |F(f )  |2 


(A-6) 


Using  this  approximation  in  determining  the  bounds  on  the  energy -density 
spectrum  causes  an  error  of  approximately  1 %  for  the  spectral  region 
<  f  <  2fg,  since: 


1 

100 


> 

I 


‘^Sakrison,  D. J. ,  Communication  Theory:  Transmission  of  Waveforms  and  Digital 
Information,  John  Wiley  and  Sons,  Inc,,  New  York,  NY,  1968,  p.48. 
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lb  justify  Bjuation  A-6,  consider  applying  v(t),  the  chirp  signal,  to  the 
input  of  an  ideal  bandpass  filter  which  has  passbands  centered  at  f  ■  *  f j.  and 
each  has  a  bandpass  of  Ate,  as  shown  in  Figure  A-1.  If  the  bandwidth.  A,  is 
so  small  that  V(f)  is  approximately  constant  in  the  interval  |f  a  f^j  <  A/2, 
the  Fourier  transform  of  the  output,  y(t),  is: 


Y(f )  « 


V(+f^),  when  <  A/2 

V(-f  ),  |f+f  I  <  A/2 

r  '  r'  ' 

0,  elsewhere 


(A-7) 


If  the  output,  y(t),  is  the  voltage  across  a  1-ohm  resistive  load,  the 
energy  dissipated  In  the  resistor  is: 


J*!  y^(«)  -  J!.  lY(f)|^  df 


(A-8) 


•  A  lV(f  )|2  +  |V(-f  )|2 
r  r 

By  using  aquations  A-i ,  A-2,  and  A-4,  the  above  yields; 


JI,  y^(t)  dt  -  A  |F(f^)|2  +  |G(-f^)!2  .  2A  |F(f^)|2  (A-9) 
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FREQUENCY 


Figure  A-1.  Band-pass  filter  used  by  Sa)cri3on  to  interpret 
the  energy -density  spectrum  (see  Reference  4) . 


Thus,  the  energy -density  spectrum  of  the  chirp  pulse  can  be  expressed  as: 
|V(+f)|2  +  |v(-f)i2  -  2  |F(f)|2  (A-6) 
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APPENDIX  B 

DERIVATION  OF  THE  VOLTAGE-DENSITY 
FUNCTION  (EQUATION  30) 


(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers.) 


Starting  with  Equation  30: 

F{f)  -  1/ 


2  A(t)  .  ) 


we  will  proceed  to  derive  the  solution  to  this  integral.  Using  Equation 
18a,  the  equation  above  becomes,  by  referring  to  Figure  H-l: 


F(f)  »  F(f)  +  F(f)  +  F(f) 
1  2  2  3  3  4 


(B-1  ) 


where 


ii’(^)  -  1/2 

t2 

f 

V(t-ti) 

j2ir 

6 

r 

e 

|(|)  .  1/2 

,,  j2lT  [ 

kt2/2 

^t2 

V  e-*  I 

S' 4^ 

t4 

V(t^-t) 

«f 

1 


Idt 


(B-2a) 


(B-2b) 


(B-2c) 


Using  Rererence  4,  several  general  relationships  will  >e  used  to  evaluate 
these  integrals: 


32it  f  ltt2/2  +  (f  -f)tl  ^ 
/t  «  I  o  \^- 


1  -3ir(f  -f)2/k 

7X  «  ° 


2(X^)  -  Z<X,) 


(B-3) 


Derivation  of  B-3  using  formula  7.438^  where  a  »  nk, 
2b  »  2it(f^-f),  and  c  ■  0,  follows: 


National  Bureau  of  Standards,  Handbook  of  Mathematical  Functions  with 
Formula''. ,  Graphs ,  and  Mathematical  Tables,  National  Bureau  of  Standards 
Applied  Matliematics  Senes,  June  1964,  Equations  7.9.38  -  7.4.41. 
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where 


>  /2A  (f^  -f ) 
Z(X^)  -  C(x^)  +  j  S(x^) 


which  is  the  con^slex  form  of  the  Presnei  integral. 


Integrating  by  parts  gives: 


)b  ^  ^j2n  ()ct2/2  t  (f^  .f)tl^^ 


1  -jTt(f  -f)  A 


•"b  ■  73?  hb  ■  n 


e  -x2)/2 


-'^a  2(x^)  +75?  ha 


-jt  (1  -  X 


2,/2 


(B-4> 


Derivation  of  B-4. 


The  left  side  of  B-4  may  be  rewritten  with  the  aid  of  Euler’s  foritula  as: 

'■  te-^^^~2”  t  cos  2«l^  +  (f^  -f)t)dt 

a 


c  2 

+  J  t  sin  2x(^  +  (f^  -f  )t) 


Integrating  each  term,  on  the  right  side,  by  parts  and  applying  fornula  7.438 
of  Reference  0,  we  obtain: 


t(f  -f)2 
t  ,  o 

TS"  - k - 


1l(f  -f)2  t.  t  :t(f  -f)^ 

C(x)  +  sin  - 2_ -  S(x)^^  -  ^  cos  - 2— 

a  a 


"^b  "‘'o  S(x)  jt  . 

-  (  - k - Trr  *  7k 


w(f^  -n- 


S(x  >  ~  sin 


w(f^  -f)‘ 


C(x)It 
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{ 


S  S(x) 


COS 


^dx04 


it(f  -£)2  it(f^  -f)' 

_  {t^  coo  - ^ -  C(xJ  ^  sin  - ^ - 


i»(f  -f)2  «(f  -f)' 


-t_  sin  - 2_ -  Six,  )  +  j  V 


S(Xj,) 


x(f  -f)2 

t  cos  - r - C(x  ) 

a  .<  a 


n(f  -f)2 

^ 


ir(f  -f)^  -f)'* 


-jt  cos 

a 


—  S(x  )  +  jt  sin 

k  *a  a 


k  -"<>^a’ 


-  COS 


ir{fo  ^ 

ir(£  -t)2  C(x  w)  ^ -  sin  X^ 

o  o 

— k —  ^b  * 


b'  cos  K  2  ^  b 

ii/Sk 


ti(f  -f)2 
cos_o_ - 

- Tsr - 


x(£  -f)2  ,  , 

cos  o  _ . .  2.  ,  2 

- r - sin  ,  X 


2  *  a 


jT^T 


sin 


fl(f^  -f)2  S(Xb)  -o 

- k - ’^b  'TTT  -  k 


7  X  2 

w  (f^  -f  cos  ^  X  j, 


■^T^T 


x(£^  -f)"  Xa  S(Xa)  ^  -o 
+  sin  - r - TS^*  ’ 


7  If  2 

IT  (f  ^  -f  )2  - 


'=°“  TTTT 


«(f  -£)2 

o 

(/) 

;  X 

kr 

1 

1 

k 

ii(f  -f)^ 
o 

^  2 
cos  Xjj 

-]  cos  y. 

Xb  ^Tlr  ■  3 

k 

*/  2k 

x(f  -f)^ 

0 

S(X^) 

»  (f  -f)^ 
o 

^  2 
CO.  2  X, 

+  j  cos  y 

Xa  TSr  "  ^ 

k 

x/'Zc 

*  (f„  -f 

o 

C(Xh> 

n'f  -f)^ 
o 

W  2 

sin  -J  Xb 

+  j  sin  ^ 

Xb  -Tur  ■  ^ 

k 

ii»’  2k 
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-  j  sin 


ir(f^  -f)2  C(x^) 


Xa  -Tsr  ^  ^ 


n(£^  -f)2  cos  i  xf 


'niese  terms  correspond  term-for-term  with  the  expression  o£  the  right  side  of 
B-4  when  expanded  in  similar  type  terms* 


Using  liquations  B-3  and  B-4: 


F(f )  - 


^^2  *  S 


•jifd  -  x|  )/2 


"^1  ■  S 


*  CZ<X3)  -  Z(X2)1 


-ji'd  -  X?)/2 


-j»l1  -  x2)/2 


•  ("^3  ^  %  *7t}  ^'^3’ 


-j«<1  -  X§)/2 


Derivation  af  B-5  follows. 


The  expansion  of  B-1  by  B-Ta,  B-2b,  B-2c,  B-3  and  B-4  yields; 
Ve-^’'«^o'‘='>"/^('^2^<^2’  X2Z(x2>  ^-3w(1-x2;/2 

F(f)  .  - ^ - — - - nnr  *  — s7y“i - 

r  r  r 


(B-5) 


Z<X,)  X,  Z(x,)  -  x^)/2  ZCxj) 
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t  Z(X,)  t  Z(x  )  t  ZCXj) 

*  — 1 —  -  2^X3)  -  zcxj)  *  ^4-^  - 

t  £  f 


%  *^^4^  ^4  -  xi)/2  tj  Z(X3) 

4^  *  ■  l,/2k  x/^r.6.  fi. 


X3  ZtXa)  ‘  ^3’/^ 


‘nlic  expansion  corresponds  ternt-for-term  wich  the  right  side  of  3-5  when 
it  is  expanded  in  similar  type  terms. 

Derivation  of  32  from  B-5 

From  B-5,  we  have: 


.  V  -js(£  -  f )2a  2(x  )  -  4 

27^*  °  *'^2'  6  ^  /ac 

r  r 

X,  2<X,  )  ♦(x,  )  X4  2^X45 

■"  6  ^  ■  TTx  ■"  ^^^3’  "^‘^2^  ■"  ~T7TSr 

r  r  £ 


♦U4) 

4773r 


ZCx-,) 


X3  Z(X3)  ♦(Xj) 

sjliir  *  1^7^ 


V  -jx(£  -f)2A  ^1  ♦^X,) 

*  —  s  o  - - - - - 


X2  2(X2>  ♦<X2)  X3  ZCXj) 

6  *  ~6  ri 


♦(X3)  X4  21X4)  ♦U4) 

^  4  ^  6  ~  S 

f  £  £ 
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APPEHDIX  C 

EXPRESSING  THE  COMPLEX  FRESNEL  INTEGRAL  AS  AN  ASYMPTOTIC  EXPANSION 

(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers.) 


The  integral  in  Equation  36: 


X  X 

Z(x^)  »  ^  COS  (itt^/l)  dt  +  j  ^  Sin  (iftV2)  dt 


(C-1 ) 


is  referred  to  as  the  complex  Fresnel  integral.  The  vector >  Z(x)  >  generates 
Cornu's  spiral,  shown  in  Figure  C-1,  where  x  varied  as  the  independent 
variable. 

Reference  S  gives  several  types  of  expansions  that  can  be  used  to 
evaluate  the  Fresnel  integral.  Using  (7.3.9)  and  (7.3.10)  of  Reference  5,  the 
integral  can  be  expressed  as: 


,j"/4 


.  uxi  .-S"’  • 


(C-2) 


where 


-1,  X  <  0 

►1,  X  >  £ 


irx  mio  (sx^)^"  ^  ^ 


(C-3) 


(C-4) 


(C-5) 


Using  the  above  relationships,  the  functions  within  the  brackets  in 
Equation  32  can  be  written  in  the  fora; 
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Figure  C-1.  Cornu's  spiral,  a  plot  of  the  Fresnel  integrals 
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IX^ZU^)  -  • 


Xi  \  a 


+  IifXi  £<Xi)  7 


-jn(1 


xf  )/2 


e  3»xf/2 
t»Xi  g(Xi)l  7 


(C-6) 


where 


♦  (x^) 


(37) 


An  approximation  of  C-6,  when  |x^l  ^  1,  ®ay  b«  obtained  by  deleting  the 
summation  in  C-4  and  including  only  the  first  term  in  summation  of  C-5  to 
obtain: 


IXi  Z(Xi)  -  ♦(Xt)l 


.  ff 
Xi 

Tf 


^ji'X^/2 
,  ^2 


(C-7) 


When  Ix^l  >,  th"  approximation  expressed  by  the  right  side  of  (C-7)  is  in 
error  by  less  than  0.05  dB  when  compared  with  the  left  aide.  This  is  evident 
by  computing  the  numerical  values  of  these  quantities  for  Jxj^l  ■  ^  with  the 
aid  of  the  tables  in  Reference  5.  The  results  of  such  a  computation  are  0.636 
and  0.639,  respectively,  thereby  yielding; 


20  log 


0.  639 
0.  636 


0.041  dB. 
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APPEHDIX  D 

APPROXIMATIONS  OF  F(Af)  AND  E(Af)  USING  ASYMPTOTIC  EXPANSIONS 

(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of 
this  report  will  be  identified  by  their  original  numbers. ) 


■Rie  voltage -density  spectrum  F(A£)  for  a  trapezoidal  chirp  pulse  is  giver, 
by  Equation  32  as: 


V  -jitAf  /k  4  1 

F(Af)  =.  — e  I  - 

4k  t“l  d 


X  r"  (x,  *  (X.  )| 

i-l  6  I  i  1  1  ] 


A  simpler  expression  is  desired  so  that  we  can  obtain  some  insight  into  the 
behavior  of  r(Af).  When  the  approximation  given  by  C-7  is  applied  to 
Equation  D-1 ,  F(Af)  can  be  expressed  by: 


F(Af)  .  ^ 

4k  i=1  6^  ^ 


/2 

n  1 

(ifXi)^ 


(D-2) 


when  I  xl  i  2.  ^ 


-n  <  0 


2.  ° 


k  -  — ,  6,  =  “  -«r'  S'  “  -*f'  ^ 

b 


A£  ■  f  -  f  ,  Xi  ■  ^ 2k  t  -  / 2/k  Af 
o  i  i 


Figure  D-1  depicts  graphs  of  *9  a  function  of  Af  for  i  ■  1,  2,  3/  and  4. 
When  Af  is  in  the  shaded  interval  between  tl-)  and  Dj'  Ixil  and/or  IX2I  less 

than  unJ.ty,  and  wnen  Af  is  in  the  shaded  interval  bewteen  ilj  and  1x3! 

and/or  jxql  at*  less  than  unity;  thus,  in  these  two  intervals,  Equation  D-2, 
which  depends  upon  the  approximation  given  by  Equation  C-7,  is  not  valid. 
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By  referring  to  Figure  D-1 ,  is  determined  by  noting  that  for  £J^  the 
value  of  xi  ”  +1  ••  Likewise,  ^2,  SI3,  and  fl4  are  defined  for  X2  “  ' 

X3  *  +1,  and  X4  “  '  respectively.  Based  on  these  conditions,  we  have: 


(D-3a) 


(D-3b) 


(D-3c) 


(ii-3d) 


From  Equations  19,  20,  and  35  we  see  that  when  xi  sbd  X2  *1^®  same 

sign: 


-  / 2k  ,  Af  <  or  Af  >  ^2 


(D-4a) 


Likewise,  when  X3  and  X4  ^f®  th«  same  sign: 


/2k  ,  Af  <  or  Af  >  tJ, 
3  4 


(D-4b) 


The  approximation  given  by  Equation  D-2  with  the  aid  of  Equation  D-4a  and 
0-4b  can  be  expressed  as: 
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F(Af) 


V_  -jirAf^/k 
4k  * 


a  /k 


Y  (Af) 
r 


Yf  (A£) 


where 

O  *:  0, 


A£  <  n, 
Af  >  fti* 


3  »  2r 


Y^(Af)  - 


Yf(A£)  - 


<  Af  <  ^3 

^j^X^/2  e3"X2/2 

,  >2  “  /  ,2 

(I'X,*  (1'X2) 


The  approximation  in  aiuation  0-5  is  obtained  by  noting  that 
0-2,  with  the  aid  of  Equations  0-4a  and  D-4b,  can  be  expressed  as 


?(Af )  »  ~ 
4k 


Vl  -  V2 


/2 


/2 


(’'X,) 


X^^  4  ^3^  3  \  jx/4 


when  Af  <  0^  or  Af  > 


Let  *  ^2  *  ^12  '*'Aen  xt  and  X2  same  sign. 

If  xi  and  X2  are  both  positive,  then  u^2  " 


(0-5) 


(D-5a) 

(0-5b) 

Equation 

UX3)'  ) 
(0-50 
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If  Xj  both  nagativa,  then  •  -1. 

Ukevfise,  let  when  X3  X4  the  same  sign. 

If  X3  X4  are  both  positive,  then  ■  1. 

If  X3  X4  both  negative,  then  ■  -1 . 


F(Af)  “  ^  e”^’*  k  (U-.  -  u  )  /k  -  y  (Af)  -  Y„  (Af) 

4k  34  1 2  r  f 


Let  a  =  2/  then: 


F(Af)  ~  ^  e'^’nr"  a  /k  -  Yj.(Af)  -  Yf(Af) 


For  Af<£l  ,  a*1  -1  *0 


Af  >  a  -  -1  +1  *0 


<  Af  <  n,,  a  ■  +1  +1  -  2 
2  3 


(D-5) 


For  the  in-band  region  of  the  spectrum  where  ^2  <Sl3<  the  term 


lY^(Af)  +  Y^^^f)!  may  be  neglected  since: 


lY^(Af)  +  Yf (AC) I  <<  2/k 


(D-6) 


by  noting  that  from  APPENDIX  C,  1x^1  2.  '  from  Equations  D-5a  and  D-5b  let 
6^  ■  •  6,  |x^  I  “  IX2I  “  IXjl  ■  IX4I  "  X  (•>'  the  denominators  of  Equations  D- 


5a  2uid  D-5b  and  |y  I  ■  Iy,!*  Then: 

r '  f 


|Yj.(Af)  +  Yj-(Af)|  <  tYp(Af)|  +  |Yf(Af)i  <  - 5-  e^  ^  ^^2  -  1 

”  <5  X  L 
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Since 


X,  -  X2  ■  ”*5  then  : 


jy^CAf)  ^  Trj(Af)|  << 


<< 


_ 2 _  f  »  ,  ,  -  1 

2  .  2  "2  '  Xj)  2x 

»  5  X  ‘ 


2  6  Zac 
irdx 


7/2  /k 

*1x1 


<  2  /X 


Thus,  l'r^(Af)  +  Yg(Af)l  <<  2/it  for  ^ 


With  the  aid  of  inequality  in  Equation  D-6,  D-5  can  be  expressed  for  the  in- 
band  region  of  the  spectrum  as: 


F(Af) 


—  n  <  At  <  n 

2/k  ^ 


(D-7) 


Thus,  the  amplitude  of  the  spectrum  at  Af  *  0  is; 


•  •  « 

2/k 

From  Equation  D-5,  the  expression  for  F(Af) 
spectrum  is  given  by: 


(D-8) 

for  the  out-of-band  region  of  the 


F(A£) 


or  F(Af) 


-jxAfV 

4k 


jY^(A£)  ♦  Tj(Af) 
Af  <  R, 


Af  > 

4 


2 

2  3*X  /2 

V  -jxAf  /k  4  1  e  i 

—  e  Z  —  - 

4k  i-1  6  2 

i  l^'X.) 


(D-9) 
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2  2  2 


jit/2  [2kt  -  4  Af  t  +  -  Af  ] 

2 

i  i  )c 

V  -jirAf 

A 

4  k 

e 

F(Af)  - 

- e 

Z  — 

- 

i“l  4 

2  2 

i/ 

v2it  Oct  -  Af) 

At  \  i 

i  I 

j2itt  \ 

- Af  ) 

2  / 

V  4 

1 

e  ^ 

F{Af)  » 

-  -  Z 

— 

(D-10) 

2  i«l 

6 

2 

8ir 

i 

(Kt 

-  Af) 

i 

for 

Af  <  £1^ 

Af  >  a, 

4 

when  A£  » 

Af^  -  y 

+  £5 .  i.e 
4 

4,  when  Af  is  midway  between  Si)^ 

and 

4 

Af  -  Afj 


66. 


6^ 


(D-11  ) 


Based  upon  the  definition  of  Xj  Equation  D-11,  we  have: 


X3  "  -X4/  Af  ■  Afp 


(D-12) 


and  from  the  definitions  of  Z(Xj^)  and  ♦(Xj^)  '^a  have; 


X4  ZCx^)  -♦(X4) 


(D-13) 


in  which  case  Equation  0-1  yields; 
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F(Af  ) 
f 


V 

4k 


2  1 
I  — 
i-1  6 

1 


X^Z(X^> 


Using  the  same  procedure  Cor  obtaining  Equation  D-S,  the  above 
be  expressed  as: 


F(Af^) 


4k 


-jirAf 

e 


2 

f  A 


Y,(Aff)J 


Since : 


lY^(Af)l  <<  A 


and  then 


F(Af^)l 


V 

4/ir 


From  Equations  0-8  and  0-17  we  have: 


F(Af^) 

F(0) 


2 


In  a  similar  manner,  it  c^m  be  shown  that  when  AC  -  A£^ 

i.e.,  when  AC  is  midway  between  and  02'  X^  •  “X2  ®°  that* 


F(AC^) 


k 


1 

2 


(0-14) 


result  can 


(0-15) 


(0-16) 


(0-17) 


(0-1 8) 


(0,  + 


(0-19) 
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E(Af )  ■  1  /  ^2  ^  ^  ^^3 

k  4 

E(Af)  •  - - ^ 

4  i“1 

1  6ii 

for  Af  <  £1^ 
A£  > 

Than; 

ECACj.)  -  J 

and 

E(Afj)  -  J 


(U-22) 


(D-23) 


(D-24) 


(D-25) 
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A  tabulation  identifying  the  approximating  equations  for  E(df)  is  given  by*. 


Region  of  ^f 


Applicable  Bguations 


<  Af  < 


(D-22) 


Af  <  ft,  or  if  >  ft. 

I  4 


4f 


r 


+  fl^) 


4f 


f 


(D-23) 


(D-24) 


(D-25) 


An  example  of  an  application  of  the  approximations  derived  in  this 
appendix  is  shown  in  Figure  0-2.  The  points  on  the  graph  are  values  of  E(4f) 
accurately  calculated  by  evaluating  the  integrals  in  Equations  B-2a,  B-2bi  and 
B-2c  with  the  aid  of  a  computer  algorithm  involving  double  precision.  The 
solid  curves  were  obtained  by  applying  the  approximations  derived  in  this 
appendix.  Curve  1  was  obtained  using  Equation  D-22  with  the  results  expressed 
in  dB.  Curve  2  was  obtained  using  Equation  D-23.  Curve  3  was  obtained  by 
plotting; 


20  log 


Y  <Af)  -t*  Y,(4f) 
r  f 

2/^ 


and  clearly  depicts  the  inequality  in  Equation  0-6.  Point  4  was  obtained 
using  Equation  0-25,  expressed  in  dB. 
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F(Af)  FOR  SKIRTS  OF  SPECTRUM  (DERIVATION  OF  EQUATION  59) 

(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers.) 

Starting  with  Equation  58,  we  will  derive  Equation  59,  which  is  used  to 
determine  the  bounds  on  the  skirts  of  the  spectrum: 

j2rt  Oct  /2  -  Af) 
i  i 

V  4  a 

F(Af)  - - I  -  (58) 

2  i-i  ? 

8«  A  Oct  -  Af) 

i  i 

where  6  “A 

1  r  2  r  3  f  4  f 

From  Equations  19-27  we  have: 


tj  -  t^  -  5^/2  (E-la) 

t^  -  t^  +  A^/2  (E-lb) 

t3  -  t^  -  Aj/2  (E-lc) 

t4  -  tf  +  A^/2  (E-Id) 

Let  -  2irtj^  (htj^/2  -  Af)  (E-2) 
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Using  the  above  equations,  we  can  get: 


<>,  -  2iit 


6 

\  ^  A  s  -  2^ 

,  -Afj  -  2s  (t^--)  I - ^ -  -Af 


-  irt  k  -  ir  5  tk  -  irk  —7 - 2ir  t  Af  +  n  6  Af 

1  r  r  4  r  r 


(t/  -  T-)  -  ■«,  ikt^  - 


A£)  -  2it  Af  t 


irt^k  +  »«  tktffk  -7-  -  2ir  t  Af  -  A6  A£ 
r  r  r  4  r  r 

/  2  5 

irk  y  t^'^  -*•  ^  ~  ■  2irt^  Af 


is  the  same  expression  as  except  subscript  r  is  replaced  by  subscript  £. 
is  the  same  expression  as  except  subscript  r  is  replaced  by  subscript  f. 


Then; 


irk(  t^  ♦  5^/4)  -  2x  Aft  -  x5  <kt  -  Af) 
r  r  r  r  r 


(E-3a) 


irk(  t^  +  6^/4)  -  2it  Aft  -  x6  (kt  -  Af) 
r  r  r  r  r 


(E-3b) 


xk(t^  +  6j/4)  -  2x  Aftj  -  (ktj  -  Af) 


(E-3c) 
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=  it)c(t^  +  5  ^/4)  -  2  IT  (kt^  -  Af) 


(E-3d) 


We  will  ncM  exeunine  the  case  where  the  leading  and  trailing  edges  of  the 

pulses  are  steep,  as  in  most  chirp  pulses,  i.e. , 

6  <<  It  !  and  6,  <<  It, I,  so  that 

r  '  r  f  f 

t  “  t  ••  t_,  t,  -  t,  -  t,  and  6-5  -  6,.  Then  : 

r  1  2  f  3  4  r  f 


(kt  -  Af)  -  (kt  -  Af)  -  (kt  -  Af) 
1  2  r 


(E-4a) 


(kt,  -  Af)  -  (kt,  -  Af)  -  (kt,,  -  Af) 
4  3  f 


With  these  approximations,  Equation  58  is  rewritten  to  give: 


F(Af) 


r 

Jf-  i.  _ 2 _ 

i  5^ (kt^  - 


Af)^  62(kt2  -  Af)^  63(kt3  -  Af)^  6^ (kt,j  -  Af ) ^, 


P(Af)  - 


{■ 


jirk(t^  6^  /4)  -j2irAft^  -jn6^(kt^  -  Af) 
e _ e _ .  e _ 

6  (kt  -  Af)^ 
r  r 


,2  ,2  ,  -j2iTAft  jir6  (kt  -  Af) 

^jsk(t^  ^  6^/4)  ,  ^  .  e  ^  ^ 


-  6j.  (kt^  -  Af) 


jirk(t^  +  5^/4)  -j2i»Aft^  -jTr6^  (kt^-Af ) 
e  •  e  .  e 


-  -  Af)‘ 
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Jirk(t^  +  5j/4  -j2itAftj  -  4£) 

e  •  e  «  0 


F(Af) 


-  — ^  a 

Sir  '' 


-i2irt  Afl  rr  "^rr 

■’r  e  -  a 


6  (kt  -  Af) 
r  r 


jirk(t^  +  5^/4)  -j2irt^f  f  _  ^j«6j(kt^  -  Af) 


6j(ktj  -  Af) 


F(AC) 


...  2  , 2  _ ,  -j2»t  Af 

jnk(t  +5/4)  r 

r  r  a _ 

*  {kt^  -  Af) 


-jir6  (kt  -  Af)  jii5  (kt  -  Af) 
j  r  r  r  r 

6  *  € 

5  (kt  -  Lt) 
r  r 


jirk(tj  +  6^/4) 

*  (ktj  -  Af) 


-jir6^(ktj  -  Af)  Jw5j()ttj  -  Af) 

a _ -  a 

5f(ktj  -  Af) 
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Further  reduction  yields: 


F(Af  > 


V  jTr/2 

4  ® 


jirlc(t^  +  6^/4) 
e 


-j2iTt  Af 
e 

it(kt  -  Af) 
r 


(59) 


sin  itS  (let  -  Af ) 
_ r  r _ 

it6  (kt  -  Af ) 

r  r 


jnk (t^ 

-  e 


+  5^/4) 


-j  2irtgAf 

e _ 

ir(ktj  -  Af ) 


sin  it6^(kt^  -  Af) 
«6^(ktj  -  Af ) 


This  concludes  the  derivation  of  Bjuation  59,  however,  we  will  check  to 
see  if  the  aquation  degenerates  into  the  conventional  equation  for  a  pulse 
having  no  FM  when  we  let  k  ■  0. 


If  the  pulse  is  symmetrical,  from  Figure  12  and  Equations  23  -  27,  we  have 
i5^  »  6^,  t^  *  -t/2,  and  t^  ■  t/2.  Equation  59  becomes; 


jff  (k(T^  +  6^/4)  t-  t/2] 

F(Af)  -  V  * 

4 


(E-5) 


jSTAf 

e _ 

n(-k-r/2  -  Af ) 


sin  nd  (-kT/2  -  Af ) 
itA  (-kx/2  -  Af  ) 


-jlTTAf 

e 


i'(kT/2'-"ATl' 


sin  (kT/2  -  Af ) 
(kT/2  -  Af ) 


Letting  k  ■  0,  Ekquation  E-5  can  be  written: 
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V 

F(Af)  “  2 


sin  wtAf 
ffTAf 


sin  trSAf 
ii6&f 


(E-6) 


which  is  the  conventional  expression  for  the  positive  part  of  the  spectrum 
(centered  on  +  f^)  of  a  symmetrical  trapezoidal  RF  pulse  with  no  FM. 
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APPENDIX  F 

BOUNDS  ON  SKIRTS  OF  SPECTRUM  WHEN 
6  <  ^  end  5  -  6^  -  6^  <  ^  ^  "  ’^2' 


^3  "  *^4 


(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers.  ) 


Using  Equation  S9,  we  can  write  the  inequality: 


F(Af ) 


l4ir  II  Oct^  - 


sin  Xj. 


Af)  X. 


(kt^  -  Af) 


^  I}"- 


where 


X  =  ir(5  (kt  -  Af) 
r  r  r 


Xj  »  iT5^(kt^  -  Af) 


The  bound  on  the  skirts  of  the  spectrum  determined  from  Equation  F-1  may 
be  divided  into  three  regions  of  Af  for  convenience  of  graphical  construction. 

(1)  If  Af  is  slightly  mote  positive  than  kt^,  we  shall  refer  to  the 
bound  as  F^(f)  ,  which  is  depicted  by  cvrve  C  in  Figure  F-1  and  determined 
from  Equation  F-1  by: 

^  ^  |k't"-  Af| 

If  Af  is  slightly  more  negative  than  kt^,  we  shall  refer  to  the  bound 
as  F  (f)  ,  which  is  depicted  by  curve  B  in  Figure  F-1  and  determined  from 
Equation  F-1  by: 


V  1 _ 

-  4ir  TlTt 

r 
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* 


V 

CQ 


i 

e 

o 

e-  *-  M  ^  in 

m  ^  \p 

<0 

:9 

s 


> 

^  <  a  u  a  u  bi 

u 


104 


ESD-TR-81-100 


Appendix  F 


by; 


( 2)  Because 


«in  X 
X 


another  bound  on  the  spectrum  is  given 


1 

1 

(ktp  -  Af) 

♦ 

Octj  -  Af) 

(F-2) 


If  Af  is  considered  to  be  sufficiently  greater  than  Xt^,  then  the  bound  can  be 
estimated  from  Bjuation  F-2  by: 

where  Fg(Af)  is  depicted  as  curve  E  in  Figure  F-1 . 


Ihe  range  of  Af  where: 


Fg(Af) 


>  Pc(Af) 


is  approximately  determined  by  noting  that  in  this  range: 

_V _  ^  1 _ 

2itAf  -  4it  (Af  -  kt^) 

or  Af  2  ktj  •  6 

A  A 

Thus,  when  Af  ~  F^(Af )  and  Bguation  64  should  be  used  as 

the  bound. 

If  Af  is  considered  to  be  sufficiently  less  than  kt^.,  then  the  bound  can  be 
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If  Af  Is  considered  to  be  sufficiently  leas  than  Ict^,  then  the  bound  can  be 
estimated  from  Bjuatlon  F-2  by: 


A 

Where  Pjj(Af) 


V 

2wAf 

Is  depleted  as  curve  0  In  Figure  F-1 . 


(63) 


The  range  of  Af  where: 


F„(Af)  >  F„(Af) 
D  ^  o 


Is  approximately  determined  by  noting  that  In  this  range: 


_V _  V _ 1 _ 

2xAf  -  4x  (Af  -  At^) 


or 


Af  <  2  kt  -  6 
—  r 


Thus,  when  Af  <  2kt  •  0,  F  (Af)  >  F  (Af)  and  Equation  63  should  be  used  as 

^  V  D  ^  o 

the  bound. 


( 3 )  When 


^  *  bound  on  the  spectrum  Is  given  by: 


|F(Af)l  <.— j 


4w  (kt  -  Af)' 

r  r 


Af)=} 


(F-3) 


for  a  certain  range  of  Af. 


If  Af  is  sufficiently  greater  than  2Ktg,  then  the  bound  determined  from 
Equation  F-3  »rill  be: 
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(65) 


where  P^(Af)  is  depicted  as  curve  F  in  Figure  F-l.  For  this  AC,  the 
inequality t 


Fp(Af )  i  Pg(Af) 


Will  be  satisfied,  and  the  lower  bound  on  A£,  for  this  condition,  is 
determined  by  noting  that: 


or 


Sx^AAC^  -  2xAf 


Thus  when  6  <  — r 
HO 


F_(A£)  is  the  bound  on  the  spectrum  for  Rt  >  Af  >  2  At 
B  r  r 


(61  ) 


I  ' 

I  ! 

&  t 

I 


F^(Af)  is  the  bound  on  the  spectrum  foe  Kt^  <  AC  <  2  let^  (62) 


F.(Af)  is  the  bound  on  the  spectrum  for  2  At  >  tt  >  ~  —r 
D  r  xo 


F_(A£)  is  the  bound  on  the  spectrum  for  2  At.  <  f  <  ~ 
E  £  iro 


(63) 


(64) 
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F^(AC)  is  the  bovind  on  the  spectnuo  for  |A£| 


(65) 


These  bounds  are  depicted  in  Figure  F-1.  The  frequencies  at  which  these 
bounding  curves  intersect  are  defined  as  critical  frequencies.  The  critical 
frequencies  are  determined  by  solving  sinultaneously  the  equations  that 
represent  the  corresponding  bounding  curves.  Thus  to  obtain  Af2>  solve 
Equations  5l  and  64,  siaultaneously,  and  obtain: 


In  a  similar  manner,  the  critical  frequencies  if^,  ^^4-20  found 

to  be  expressed  by; 


Af . 


'7'' 


Af 


-20 


2kt 


and 


(69) 

(67) 


Af 


+20 


2Xt^ 


(68) 
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APPENDIX  G 

BOUNDS  ON  SKIRTS  OF  SPECTRUM  WHEN  B  > 


(Equations  in  this  appandlx  that  hava  alrsady  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers.) 


By  referring  to  Figure  F-1,  we  observe  that  the  point  of  intersection  of 

1 

curves  F  and  E  occurs  at  Ut  *  —  In  APPENDIX  F,  the  inequalities: 

iro  • 


let 


f 


<  2  )ct< 


< 


1 

ii5 


were  obtained  for  the  condition  that  the  leading  and  trailing  edges  of  the 
chirp  pulse  were  "steep.*  Under  these  conditions: 


)ct 


f 


(t3  >  t^) 


2 


which  means  that 


0  < 


1 

x6 


and  is  depicted  in  Figure  F-1 . 


One  method  of  visualizing  a  necessary  change  in  Figure  F-1  when 
considering  the  condition  B  >  -W  is  to  assume  that  the  point  of  intersection 

liO 

of  curves  F  and  E  shifts  to  the  left  due  to  an  Increase  in  the  value  of  ( 

1 

until  ~7  <  B  /  while  curve  E  is  maintained  as  fixed.  With  the  removal  of  the 

W  0 

restriction  on  the  pulse  edges  being  "steep,*  Equation  58  may  be  used  to 

determine  the  bounds  of  the  spectrum  for  the  condition  -^  <  B  ,  which  are 

ro 

depicted  in  Figure  G-1  and  obtained  in  the  following  presentation. 
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From  Equation  58  we  have: 


P(At) 


j2irtl - Af 

V  4  1  e  \  > 

2  i«l  4  2 

8w  1  (kt  -  Af) 

i 


The  bounds  on  F(A£)  are  expressed  ass 


F(Af ) 


8ir^  ^r  (kt^  -  A£)^  (kt^  -  Af)^| 


*  6  2  * 

t  (kt,  -  A£)  (kt^  -  Af) 

3  4 


When  Af  is  slightly  more  negative  than  kt^ ,  the  bound  becomes  axve  B  and  is 
expressed  by: 

"  VI  1 

(Af)  -  — r  J-  - -  (72) 

8ir^  ‘^r  (kt^  -  Af)^ 

When  Af  is  slightly  more  positive  than  kt^,  the  bound  becomes  curve  C  and  is 
expressed  by: 

^  7  (73) 

8w^  ®f  (ktj  -  A£)^ 

When  Af  <<  kt^  or  Af  >>  kt^,  the  bound  becomes  curve  D  and  is  expressed 


F„(Af)  -  — 

°  4w2  Af^ 


1  1 
«r  " 


2w^  A£^4 


For  sufficiently  large  |Af|  where  Af  «  kt^,  the  range  of  Af  such  that: 


F^(A£)  >  F^(A£) 

P  n 


-ft  -VlMf 
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l8  detarmined  by  setting: 


2ir^Af 


8s^6^(kt^  -  A£)^ 


Then: 


*1 

r 


kt. 


A£ 


or 


Af(1  t  j 


y^)  <  kt^ 

r 


1  /« 

Since  t,  <  0  and  Af  <  0,  then  '  t  ^  J ^  small  but  positive. 
That  la:  ^ 


A£(1  -  j  <  kt^ 

r 


Then: 


A£  < 


kt  “t  I 

r  '/r  ■ '  ttt:  ■ - T^-T — 


and 


1  *^1- 
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these  bounds  are  depicted  in  Figure  G-1. 


the  Intersection  of  curves  determined  by  Bguations  5i  and  74  Is  denoted 
as  the  critical  frequency.  Af3,  and  is  given  by: 


“3  ■  7  if-’''" 


(75) 


Likewise,  the  critical  frequencies  Af_^Q  and  Af+40  given  by  Equations  76 
and  77,  respectively,  and  are  depicted  in  Figure  G-1. 
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APPENDIX  H 

CHOOSING  A  LOCATION  FOR  THE  ORIGIN  ON  THE  TIME  SCALE 

(Equations  in  this  appendix  that  have  already  appeared  in  the  body  of  the 
report  will  be  identified  by  their  original  numbers*) 

Equation  74  is  used  as  an  approximation  of  Equation  71  when  |Af|  is 
large,  compared  to  )ct^  or  )ct^.  The  error  in  the  approximation  depends  upon 
the  location  of  the  origin. 

When  the  pulse  shape  is  symmetrical  (5^  >  approximation  is  best 

when  the  origin  is  located  midway  between  t^  and  t^.  When  the  pulse  shape  is 
asymmetrical,  6^  <<  6^  for  example,  the  terms  containing  5^  in  Equation  71 
have  more  influence  on  F(Af)  than  the  terms  containing  5^;  for  this  case  the 
approximation  given  in  Equation  74  is  better  when  the  origin  is  located  closer 
to  t^  than  to  t^.  On  the  other  hand  when  6^.  >>  it,  the  approximation  is 
better  when  the  origin  is  located  closer  to  t^.  Thus,  the  origin  should  be 
located  closer  to  the  steeper  edge  of  the  pulse. 

Although  an  optimum  method  for  locating  the  origin  on  the  time  scale  was 
not  found,  the  approximation  given  by  Eqiation  74  appears  to  be  best  when  the 
origin  is  located  such  that: 


(19) 


(20) 


(21  ) 
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-6  6 
r  b  r 

fi  +  6  2 

r  f 


S  ^  % 


6^  .  6,  2 


'niase  ralatlons  are  obtained  from  Figure  H-1  by  noting  that: 


-t,  V  t^v 


t  6-  •  -t  5 
If  4  r 
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'I  r  '2  '3  'f 

|» -  ^  f 

- -  - 


TIME  (SECONDS) 

Figure  H-1.  Geometry  aesociatod  with  locatioii  of  the  origin. 


119/120 


FSD-TR-81-100 


^p«ndix  I 


APPENDIX  I 

DISPLACEMENT  BETWEEN  AND  f 

o  c 

As  shown  in  Figure  12,  is  the  instantaneous  frequency  at  t  ■  0,  and 
is  the  instantaneous  frequency  at  the  center  of  the  pulse.  The  bounds  on  the 
skirts  of  the  spectrum  are  symmetrical  about  f^^,  whereas  the  peak  of  the 
spectrum  tends  to  be  centered  about  £^  (see  Figure  4),  As  explained  in 
Section  3,  and  are  displaced  when  the  pulse  shape  is  asymmetrical. 

Using  the  relationships  shown  in  Figure  1 2  the  displacement  is  determined  to 
be: 


^  -  ^o  - 


(1-1  ) 


Using  Bguation  19  to  express  t^,  we  can  rewrite  Equation  1-1  as: 


f  - 


f  -  i- 

°  "b 


^r"b 

«r  "«f 


(1-2) 


^c  "I 


^r  -  ^f 

«r 


(1-3) 


From  this  we  get  Equations  88  and  89. 


121/122 


DISTRIBUTION  LIST  FOR 

A  SIMPLIFIED  METHOD  FOR  CALCDLATIMG  THE  BOUNDS  ON  THE 
EMISSION  SPECTRA  OF  CHIRP  RADARS  (REVISED  EDITION) 
ESD-TR-81-100 


External  No.  of  copies 

CDR,  USACECOM  1 

ATTN:  DRSEL-COM-RY-3 

PORT  MONMOUTH  NJ  07703 


USAAMSAA  1 

ATTN:  E  BARTHEL 

ABERDEEN  PROVING  GROUND  tO  21005 

COR,  USACECOM  1 

ATTN:  DRSEL-SEI-A  (S  SBGNEK) 

FORT  MONMOUTH  NJ  07703 


HgDA  1 

DAMO-C4Z-S  (PAUL  PHILLIPS) 

WASHINGTON  DC  20310 

CDR  USARRADCOM  1 

ATTN;  DRCPM-ADG-E  (CHRISTENSON) 

PlCATINNY  ARSENAL 
DOVER  NJ  07801 


COMMANDER 

US  ARMY  FORCES  COMMAND 
ATTN:  AFCE  (F  HOLDERNESS) 

PORT  MCPHERSON  GA  30330 

CDR,  USATECOM 

ATTN:  DRSTE-EL  (MAJ  ANGEL) 

ABERDEEN  PROVING  GROUND  HD  21005 

US  ACC 

CH,  C-E  SERVICES  DIVISION 
ATTN:  CC-OPS-CE-P 

ALEXANDRIA  VA  22333 

CHIEF  OF  NAVAL  OPERATIONS  (OP-941 F) 
NAVY  DEPARTMDJT 
WASHINGTON  DC  20350 

DIRECTOR 

NAVAL  ELECTROMAGNETIC  SPECTRUM  CBJTER 
4401  MASSACHUSETTS  AVL  NM 
WASHINGTON  DC  20390 


1 


1 


1 


1 


1 


DISTRIBUTION  LIST  POP.  BSD-TR-81-100  (Continued) 


External 


Mo.  of 


DIRECTOR 

MATZOMAL  SECURITY  AGENCY 
ATTN:  N36/MR.  V.  MCCONNELL 
PT.  GEORGE  G.  MEADE  MD  2075S 

FEDERAL  AVIATION  ADMINISTRATION 
FOB  10A/RM  736D 
ATTN:  ARD-4S0 
800  1NDEPB«DEMCE  AVE  SW 
WASHINGTON  DC  20591 

NATIONAL  AERONAUTICS  fi  SPACE  ADMINISTRATION 
GODDARD  SPACE  FLIGHT  COITER 
ATTN:  CODE  SOI /JIM  SCOTT 
GREENBELT  MD  20771 

NATIONAL  TELECOMMUNICATIONS  &  INFORMATION  ADMINISTRATION 
Ami:  STAN  COHN 
1325  G.  ST.,  N.W. 

WASHINGTON  DC  20005 

COMMANDING  OFFICER 
NAVAL  RESEARCH  LABORATORY 
WASHINGTON  DC  20375 

COMMANDER 

NAVAL  OCEAN  SY5TS4S  CENTER 
SAN  DIEGO,  CA  92152 

JEWC/TAE 

SAN  ANTONIO,  TX  78243 
FTD/TQE 

ATTN:  J.  WISE 

WRIGHT* PATTERSON  AFB,  OH  45433 

NATIONAL  TELECOMMUNICATIONS  «  INFORMATION  ADMINISTRATION 
ATTO:  MR.  ROBERT  MAYHBR 
179  ADMIRAL  COCHRANE  DRIVE 
ANNAPOLIS,  MD  21401 


copies 

1 


1 


1 


1 


1 


1 


1 


1 


35 


